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Abstract: The increase of the diffusion coefficient, due to its concentration dependency, can strongly increase the mass 
transfer rate through the membrane. Accordingly, the negative effect of the mass transfer resistance of the polarization 
layer can essentially be increased on the separation efficiency, especially in the case of low solute concentration in the 
feed phase. This effect can also exist at high solute concentration at extremely high pervaporation rate as it is illustrated 
by the case study. The simultaneous effect of the concentration polarization and membrane layers is discussed in this 
paper in case of exponentially or linearly concentration dependent diffusion coefficient. Mass transfer rate, enrichment 
and the polarization modulus are expressed in implicit, closed mathematical equations involving the transport 
parameters of the two layers, i.e.the kL, Pe, km, H values. How the increasing diffusion coefficient affects the 
concentration distribution in the polarization and the membrane layers and due to it, the mass transfer rate, enrichment 
or the polarization modulus, indicating the effect of the polarization layer, is discussed. It is shown how strongly the ~  
dimensionless plasticizing coefficient can decrease the polarization modulus and can affect the concentration distribution 
in the polarization and the membrane layers as well as the ratio of the diffusion dependent mass transfer rate to that 
without plasticizing effect, namely if 0~ = . The case study illustrates the effect of the external mass transfer resistance 

on the mass transfer rate and on the concentration distribution in the case of high value of  plasticization coefficient.  

Keywords: Pervaporation, concentration dependent diffusion, overall mass transfer rate, enrichment, polarization 
modulus, convective flow. 

1. INTRODUCTION 

The pervaporation process became a very 
promising separation process with wide industrial 
application possibilities [1-6]. Its usage in a hybrid 
process can essentially decrease the energy demand 
of e.g. the concentration of the alcohol, ethanol, 
butanol from the fermeation broth [5] which is crucial in 
order to make the biofuel production more economic. 
The mathematical description of this separation 
process, taking into account the simultaneous effect of 
both the polarization, with diffusive plus convective 
flows, and membrane layer, with diffusive flow on the 
separation efficiency, can essentially contribute to get 
more economic process. Despite of the large efforts in 
this task, a general model of it is still missing or partly 
solved. This paper discusses this problem with 
exponentially or linearly concentration dependent 
diffusivity in the membrane phase applying polymeric 
membrane layer. Several papers published in the last 
decades dealing with the mass transport mechanisms 
in the organic membrane layer [1-10] applying Maxwell- 
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Stefan approach [7-13], Flory-Huggins theory [14-17], 
UNIQUAC [15,18], UNIFAC models [19] and Fick’s 
diffusion equation with concentration dependent 
diffusion coefficient [11,12, 19-25], etc. Lipnizki and 
Tragardh [19] give an excellent review of the different 
pervaporation models focusing on the membrane mass 
transport processes, only. Apart from the well known 
Vignes equation [27], two approaches, namely 
exponential [11,19-22, 24-26, 28, 29] and linear ones 
[19, 24], are recommended for the description of the 
concentration dependency of the diffusion coefficient in 
polymeric membrane with high plasticizing effect. The 
above papers and their models do not investigate the 
simultaneous effect of the polarization layer. Due to the 
plasticizing effect, the concentration dependency of the 
diffusion coefficient can be very strong. According to 
Mulder and Smolder [21] the  exponent can reach 20 
m3/kmol, in case of water/ethanol mixture, applying 
cellulose acetate, while Schaetzel et al. [11] predicted 
approximately 11 m3/m3 for water-alcohol mixtures 
applying PVA-PAA-co-maleic acid membrane. 
Jiraratananon et al. [26] obtained 0.01-0.07 m3/kmol for 
the  plasticizing coefficient of water applying CS/HEC 
composite membrane for separation of water/alcohol 
mixture. Due to the strong increase of the diffusion 
coefficient, the mass transfer rate can also be strongly 
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increased through the membrane. As an important 
consequence of this rate increase is that the role of the 
boundary layer’s mass transfer resistance can also be 
increased not only at low solute concentration but also 
at higher solute concentration as well, due to the 
increasing diffusion coefficient as a function of its 
concentration dependency [30, 31]. Thus, its negative 
effect on the separation can be stronger and stronger 
with the increase of the plasticizing effect.  

Several, well known studies [30-36] analyzed earlier 
the mass transport through the polarization layer in 
details, but most of them regarded the membrane layer 
as a black box [32-35], only the outlet concentration 
was involved in the model obtaining the well known 
expression, namely C* Cp( ) / Cb Cp( ) = exp Pe( )  [32-
35,37]. Recently, several papers have discussed the 
simultaneous effect of the boundary and the membrane 
layers on the mass transport during pervaporation 
defining the overall mass transfer rate, applying the 
resistance-in-series model [12, 26, 30-32, 38-41]. The 
mass transfer resistance is taken into account most of 
these papers by the well known Fickian diffusion 
equation with constant diffusion coefficient, with 
expression of J=kL(cb-c

*), which does not involve the 
effect of the convective velocity in the polarization 
layer. Bhattacharya and Hwang [33] analysis the Peclet 
number of the boundary layer. They introduced two 
types of this number and define its average value. In 
the reality, solving exactly the differential mass transfer 
equation [12,46], the Pe value remains constant 
throughout the polarization layer, though the ratio of the 
diffusion and the convection flow continuously 
changes, due to the nonlinear change of the 
concentration. On the other hand, their sum is constant 
at every point of the polarization layer. Peng et al. [36] 
investigate the mass transport in the boundary layer 
and the membrane matrix applying the two dimensional 
boundary layer theory. The Peclet number is rather low 
during pervaporation, it can change between 1-3 x 10-3 
[1], between about 10-3 and 10-4 [35], or between 0.35 x 
10-3 and 2.6 x 10-3 [37] depending mainly on the 
membrane properties. Consequently, the effect of the 
convective velocity on the overall mass transfer rate is 
very often negligible as it was concluded by e.g. 
Psaume et al. [30] and Bengtsson et al. [31]. That 
should mean that the overall mass transfer rate can be 
given by the resistance-in-series model taking into 
account the diffusive mass transfer rates of the layers. 
On the other hand, the permeate rate (J= cp) depends 
strongly on the convective velocity, thus this parameter 
should be taken into account for description of the 

mass transport. Jiraratananon et al. [26] tried to 
incorporate the effect of the convective velocity by a 
rather empirical equation. The main deficiency of the 
inlet mass transfer rate applied by authors is that it 
tends to zero when the convective velocity will be zero. 
A correct mass transfer rate should give back to 
Fickian mass transfer rate when the convective velocity 
in the boundary layer tends to zero. Nagy [12, 37] 
defines an exact equation for mass transport through a 
transport layer as e.g. the boundary layer, taking into 
account simultaneously the convective and diffusive 
flows, in the case of constant diffusion coefficient in the 
membrane phase. This model involves the Fickian 
overall mass transfer rate as a limiting case, namely if 
Pe 0. 

None of the literature cited describes the 
simultaneous mass transport of the both layers, in the 
case of concentration, exponentially or linearly, 
dependent diffusion in the membrane matrix. This 
description can be important especially in case of mass 
transfer through strongly swelling polymeric 
membranes. The main task of this paper is to develop 
mathematical equation for description of this mass 
transport process taking into account the diffusive plus 
convective flows in the polarization layer as well as the 
concentration dependent diffusion rate in the 
membrane layer. These general equations should tend 
to that obtained for constant diffusion coefficient [37], 
as limiting case, namely if the plasticizing coefficient 
approaches to zero. These new models should enable 
the reader to predict how strongly the polarization layer 
can influence the separation in the case of variable 
diffusion coefficient in the polymer membrane layer 
with constant solubility coefficient.  

2. METHODOLOGY OF THIS STUDY 

Pervaporation process is discussed in the case of 
concentration dependent diffusion coefficient, namely 
its exponential and linear functions, in the membrane 
layer taking into account the simultaneous effect of 
both the polarization and membrane layers. In the 
theoretical part the necessary mass transport 
expressions, overall mass transfer rate, J, overall mass 
transfer coefficient, ov, enhancement, E, polarization 
modulus, I, are defined. Then some simulation curves 
are shown illustrating the effect of different parameters. 
At the end of this paper, a case study, taking the 
measured data from the literature, serves for 
application of the model equations illustrating how 
strongly can affect the polarization layer the permeation 
rate and consequently, the E value.  
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3. THEORETICAL PART  

It is clear that the classic solution-diffusion theory is 
only valid for governing permeation through essentially 
non-swollen membranes, e.g., in the case of removal of 
dilute organics from water. When membranes are used 
for pervaporation dehydration, or organic-organic 
separation, appreciable membrane swelling usually 
occurs, and both the partition and diffusion coefficient 
become concentration-dependent. Therefore, the 
classic solution-diffusion theory should be modified to 
adapt to the generally swollen pervaporation 
membranes. When a membrane is swollen or 
plasticized by transporting species, the interaction 
between polymer chains tend to be diminished, and the 
membrane matrix will therefore experience an increase 
in free volume. It is generally true that in a given 
membrane, increased free volumes correspond to 
increased diffusion coefficients of the penetrants. When 
a membrane is plasticized by more than one species, 
the diffusion coefficient of a species is facilitated by all 
the plasticizants. Many membranologists found that the 
diffusion coefficient of species i in a ternary system of 
membrane/species i/species j could be generally 
expressed as [2, 19, 21, 24, 29]: 

Di = Di0 exp( i i + j j )           (1) 

where Di0 represents the diffusion coefficients of 
species i at infinite solution, i  and j  represent the 
local concentrations of the species of i and j in the 
membrane, respectively, and i and j are usually 
interpreted as the plasticization coefficients of the two 
species for the membrane. The plasticization 
coefficient of the less permeable species can be 
neglected during dehydration processes, since 
dehydration membranes generally show overwhelming 
affinity for water, and the concentration of the less 
permeable species in the membrane is negligibly small 
[2,11, 29, 42]. The diffusion coefficients of both the 
species in the membrane are thus dependent on the 
concentration of water in the membrane phase alone. 
Thus, applying the key component approximation [19, 
29, 44], the diffusion coefficient of species i can be 
written as: 

Di = Di0 exp( i i )           (2) 

Some other relations were also found to be 
adequate for depicting the concentration-dependent 
diffusion coefficient, as [2,19,43,45]: 

Di = Di0 1+ i i + j j( )           (3) 

Let us look the mass transport equations for 
concentration-dependent diffusive flow in the 
membrane matrix taking into account the simultaneous 
effect of the concentration polarization layer and 
membrane layer. It is assumed that the diffusion 
coefficient can depend exponentially and linearly on the 
membrane concentration. The concentration 
distribution in the polarization layer and the membrane 
layer with concentration dependent diffusion are 
illustrated in Figure 1. These are approximately linear 
in the polarization layer, due to its low Peclet number, 
and concave one in the membrane layer due to the 
concentration dependent diffusion coefficient.  
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Figure 1: Concentration distribution and the main notations 
applied in the polarization and the membrane layers during 
pervaporation. 

3.1. Exponential Concentration Dependency, 

Dm=Dm0exp( ) 

a) Mass Transport through a Single Membrane 
Layer 

The mass transfer rate, J, can be given as [20,23]: 

J = Dm0e
d

dy

Dm0

m

Hcbe
d

dY
        (4) 

where  is the dimensionless membrane concentration 
( = / Hcb , H= / c ), Y is the dimensionless local 
coordinate, (Y=y/ m) and = Hcb. The constant 
solubility coefficient is a simplification of the sorption 
behavior during pervaporation, but this linear approach 
does not cause often significant error in the mass 
transfer rate during pervaporation in polymeric 
membrane. On the other hand, the H solubility can 
generally be approached by Henry constant in a given 
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concentration range without significant error. In the 
case of glassy polymers the Langmuir type of isotherm 
is more applicable for the solubility in the membrane 
matrix [1,12,19]. Note that the model developed in this 
paper can be valid only for the linear section of the 
Langmuir type adsorption isomers. From the value of 

 defined by Eq. (1) in measure of kg/m3, (or mol/m3), 
the concentration in weight fraction (= / ) or in volume 
fraction (= V /M  where V is molar volume, m3/mol, M 
molar weight kg/mol) can easily be got.  

After integration of Eq. (4) one can get as [12]: 

=
1
ln

Dm0

A Jy( )           (5) 

where A and J integration parameters should be 
determined by means of the usually applied boundary 
conditions, namely, as it is illustrated in Figure 1:  

at  y=0  then  =
*          (5a) 

at  y= m  then  = p          (5b) 

Note here the origin of co-ordinate system is shifted 
here to the membrane surface. Accordingly one can 
get for the concentration distribution as: 

=
1
ln e

*

m y( ) + ye p{ }          (6) 

The mass transfer rate can be given as: 

J =
Dm0

m

e
*

e p( )
km e

*

e p( )         (7) 

with 

km =
Dm0

m

 

The mass transfer rate can also be defined by the 
average value of the diffusion coefficient, Dm , namely: 

J =
Dm

m
p( ) km p( )          (8) 

with 

Dm =

Dm0e d
p

p

=
Dm0 e e p( )

p( )
        (9) 

with 

= Hcb  

Note that the averaged diffusion coefficient depends 
on the internal concentrations of the membrane 
interfaces, namely * and p, thus, its value can only 
be determined by trial-error method for the case when 
the external mass transfer resistance is not negligible 
because the *value depends on the mass transfer 
resistance of the polarization layer.  

b) Mass Transport through both the Polarization 
and Membrane Layers 

Let us take into account both the diffusive and the 
convective flows in the boundary layer. The 
concentration distribution of this boundary layer is 
extensively discussed in the literature [12,45]. It can be 
given, with the integration parameters Z and Q, as 
follows: 

c = Ze y/D
+Q  0  y         (10) 

The letter  denotes the transverse convective 
velocity in the boundary layer. The concentration 
distribution for the membrane layer, at   y  + m, will 
be identical with Eq. (5), the values of A and J 
parameters will only be changed in the presence of the 
polarization layer. Accordingly, the boundary conditions 
can be given as: 

Z +Q = cb  y=0        (11) 

Q = J  y=            (12) 

H ZePe +Q( ) =
1
ln

Dm0

A J( )  y=      (13) 

p =
1
ln

Dm0

A J + m[ ]( )   Y= + m      (14) 

with  

Pe =
D

 

Eqs. (11) and (14) define equality of concentration 
on the external interfaces, between bulk liquid phase 
and boundary layer as well as between membrane 
layer and liquid phase on the permeate side, 
respectively. Eq. (12) defines equality of the mass 
transfer rates at the membrane feed interface while Eq. 
(13) expresses that the concentrations are in 
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equilibrium on the inner edge of the polarization layer 
and on the internal interface of the membrane layer. 
After solution of the algebraic equation system of Eq. 
(11) to Eq. (14) one can get the implicit equations for 
prediction of the concentration distribution in both 
layers and that of the mass transfer rate, J as: 

J

kLPe
1 ePe( ) + cbe

Pe
=
1

H
ln

J

km
+ e p       (15) 

with 

kL =
D

 

Taking into account the mass transfer rate defined 
by the average diffusion coefficient, given in Eqs. (8) 
and (9), and the mass transfer rate for the polarization 
layer [12, 37, 45] given by Eq. (16), the overall mass  

J = kLPe
ePe

ePe 1
cb e Pec*( ) cb e Pec*( )      (16) 

transfer rate can also be expressed as follows: 

J = ov cb H pe
Pe( )         (17) 

with 

ov =
1
+
e Pe

Hkm
         (18) 

It is easy to see that lim J = kL cb c*( )  when Pe  

0 in Eq. (16). Thus, this simplification can be done, for 
practical purposes, when Pe < 0.01. The resistance-in 
series model with simple diffusive mass transfer rates 
can be really used in this case. Taking into account the 
well known condition that should be fulfilled during the 
pervaporation, namely that J=cp , the cp condensed 
permeate concentration can be obtained as: 

cp 1 ePe( ) + cbe
Pe
=
1

H
ln

kL
km
Pe cp + e

p      (19) 

Both the mass transfer rate, J, and the permeate 
concentration, cp can be calculated by trial-error 
method by means of Eqs. (15) and (19), respectively. 
The value of the p membrane concentration can also 
be expressed as a function of cp as [12, 37]: 

p,i =
pi
sat

iMiHi

f̂i p,iRT
cp,i         (20) 

Note that the subscript in Eq. (20) also denotes the 
solute component. The enrichment factor, E, (E=cp/cb) 
can be expressed as: 

ePe 1( )E +
1
ln N E + e E{ } = ePe        (21) 

with 

N =
kLPe

kmH
; = Hcb ;  =

pi
sat

iMi

f̂i p,iRT
; 

It is worth to give the value of the polarization 
modulus, I, in order to predict the role of the 
polarization layer on the separation, as well as the 
enrichment factor which is also crucially important. One 
can obtain for the value of I (I=c*/cb) from the equality of 
the inlet mass transfer rates of the both layers as: 

I+
kmH

kL

ePe 1

Pe
e I

= ePe +
kmH

kL

ePe 1

Pe
e p       (22) 

or, taking into account that Pe < 0.01 for pervaporation 
[1, 35], Eq. (22) can be rewritten as: 

I+
kmH

kL
e I

= 1+
kmH

kL
e p      (22a) 

Assuming that =0, and p=0 that is the diffusion 
coefficient is concentration independent, then one can 
obtain as: 

I =
1+ Pe

1+
kmH
kL

1

1+
kmH
kL

        (23) 

The above equation is the same as it was obtained 
in the case of constant diffusion coefficient [37]. The I 
value tends to zero when km , and to unit when 
kL . 

A high value of the enrichment factor is important in 
order to get efficient separation process. Its value 
depends on all mass transport parameters of the 
boundary and membrane layers. The E value is 
discussed in Nagy’s paper [32], in details, in the case 
of constant diffusivity in the membrane layer. Applying 
the average value of the diffusion coefficient and thus, 
the average mass transfer coefficient, km , the 
enrichment factor, E, can be expressed, as {similarly to 
that of Eq. (24) in [37]}: 

E
cp
cb

=
ePe

ePe 1+N +
        (24) 
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with 

N =
kLPe

kmH
; =

iMiPi
sat

fi pRT
 

Assuming that the value p  is negligible, the 
enrichment factor can be approached as: 

E
cp
cb

=
kov

=
1

Pe 1+
kL
Hkm

            (25) 

Note that Eq. (25) is identical with Eq. (36) in the 
case of 0= . Let us look at the limiting cases of the 
enrichment, namely if kL , or Hkm :   

limE
kL

=
Hkm ;         (26) 

limE
km

=
1

Pe
          (27) 

Note that the convective velocity, , can strongly 
change with the change of the membrane mass 
transfer coefficient, mk . According to the measured 
data of Baker [30], the Pe-number increases with the 
decrease of the membrane mass transfer coefficient 
[37] and due to it, the enrichment increases. From the 
above equations the dependency of E cannot be 
exactly given in function of mk or , because the 

mk (or km) vs.  function is not known as a function of 
the mass transfer rate.  

3.2. Linear Concentration Dependency, Dm=Dm0 

(1+ ) 

a) Mass Transport through Single Membrane Layer 

The mass transfer rate can be given, in this case, 
as follows: 

J = Dm0 1+( )
d

dy
km 1+( )

d

dY
      (28) 

After solution of Eq. (28) with boundary conditions 
given by Eqs. (5a) and (5b) (see Figure 1), the 
concentration distribution for the membrane layer can 
be obtained as (Y=y/ m) [Note that the boundary layer 
is not involved in the solution expressed by Eq. (29)]: 

=
1
+
1

2

4
2 +

8 A JY

km
       (29) 

with 

A =
km
2

*
+
1

2
km
2

        (30) 

and 

J = km
*

*

2
+1 p

p

2
+1

kmH cb 2
+1 cp

cp
2

+1

      (31) 

where * / Hcb = 1  

b) Mass Transport through both the Polarization 
and Membrane Layers 

The concentration distribution for the membrane 
and the concentration boundary layer can be 
expressed by Eq. (29) and Eq. (10), respectively. The 
value of A, J, Z and Q parameters and the solution of 
the algebraic equation system are given in APPENDIX 
A1 section. The value of J can be obtained by the well 
known solution of a second order algebraic equation, 
namely by means of Eq. (12), i.e. J= Q, from Eq. 
(A11). Accordingly, it can be obtained as [Eq. A12)]: 

J = kLPe
±

2 4

2
       (32) 

Knowing the J value, the value of Z can be obtained 
by Eq. (A7) and the value of A by e.g. Eq. (A10), the cp 
and the polarization modulus can be predicted by Eqs. 
(A13) and Eqs. (A14)-(A16), respectively.  

4. RESULTS AND DISCUSSION 

The most important features of the mass transport, 
the mass transfer rate, effect of the polarization layer, 
enrichment, etc. will briefly be discussed focusing on 
the increasing diffusion coefficient as a function of the 
membrane concentration. As case study, the effect of 
the polarization layer on the mass transport of 
water/ethanol through PVA/PAA-co-maleic acid 
membrane [24] will be discussed.  

4.1. The Effect of the Polarization Layer 

The diffusion coefficient in the membrane matrix, 
and consequently, the mass transfer rate can strongly 
be increased as a function of the membrane 
concentration. Thus, the effect of the external mass 
transfer resistance can also be significantly increased 
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during the separation process. Its measure can exactly 
be predicted by the model developed in this paper. The 
polarization modulus can easily be predicted by Eqs. 
22 or (22a) using iteration procedure. An important 
factor that can strongly influence the value of the 
polarization modulus, I, is the ratio of the mass transfer 
coefficients, namely the value of kL/(Hkm). Its effect can 
even be much stronger in the case of concentration 
dependent diffusion. Namely, the external resistance 
can decrease the liquid concentration at the inner edge 
of the polarization layer, c* or the membrane 
concentration, thus, it decreases the effect of the 
membrane concentration on the diffusion coefficient. 
Figure 2 illustrates the change of the polarization 
modulus as a function of the ratio of diffusive mass 
transfer coefficients, namely kL/(Hkm) at different values 
of the plasticization coefficient with exponential 
concentration dependency of the diffusion coefficient. 
(Similar results can be obtained for the case of linearly 
dependent diffusion coefficient, not shown here). The 
polarization modulus is practically independent of the 
Peclet number in the range of Pe=0.01 and 0.0001, 
because its effect on the mass transfer rate is 
negligible in this case. At =0, the diffusion coefficient 
is independent of the concentration and thus, the I 
value is determined by the value of kL/(Hkm), only 
(dotted line). E.g. if kL/(Hkm)=1 then the I=0.5. It can 
also be seen in Figure 2 that the interface 
concentration of the liquid is, as it is expected, very 
sensitive on the ratio of kL/(Hkm). Practically, the 
kL/(Hkm) value should be kept above 5-10 or more, 
depending on the  value, if one wants to neglect the 
effect of the polarization layer. This figure illustrates 

well the effect of the  at constant kL/(Hkm) values as 
well. The polarization modulus can essentially 
decrease with increasing value of , i.e. in case of 
stronger concentration dependency. 

4.2. Concentration Distribution 

Typical concentration distribution curves are plotted 
in cases of exponentially (Figure 3) and of linearly 
(Figure 4) dependent diffusion coefficients, at different 
values of plasticizing coefficient. The mass transfer rate 
of the boundary layer was chosen to be 1 x 10-4 m/s 
(Table 1) which can be reached at high mixing 
intensity. That of the membrane layer was 2.5 x 10-6 
m/s, which means that the membrane thickness should 
be 4 μm with diffusion coefficient of 1 x 10-11 m2/s. 
These mass transfer coefficients can be regarded as 
typical values for pervaporation processes. All 
parameter values listed in Table 1 is regarded as 
typical values for pervaporation. These figures clearly 
illustrate how significantly the mass transfer resistance 
of the polarization layer can change during a 
pervaporation with the increase of the inlet liquid and 
consequently the membrane concentration. E.g. the 
change of the plasticization coefficient, , from 0 up to 
1, the mass transfer resistance of the polarization layer 
also increases from about 20 % up to about 70 % 
(Figure 3), while this change is about 75 % between 
=0 and 10 for the linear concentration dependency 

(Figure 4). The difference between the effect of the 
exponential and linear concentration dependency of the 
diffusion coefficients can be compared at the same 
value of diffusion coefficients when c*=1. This is true 

 

Figure 2: Polarization modulus as a function of the ration of 
the mass transfer coefficients at different values of the 
plasticizing coefficients, , with exponential concentration 
dependency of the diffusion coefficient. 

 

Figure 3: Concentration distribution in the polarization and 
membrane layers at different values of plasticizing 
coefficients with exponential concentration dependency of the 
diffusion coefficient, (parameters in Table 1, kL/(kmH=4). 
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when e.g. =1 for exponential and =1.72 for linear 
concentration dependency. As can be seen the 
exponential function has somewhat higher effect on the 
concentration distribution due to its somewhat higher 
mass transfer rate. The curvature of the concentration 
distribution in the membrane also depends on the 
plasticization coefficient, thus the concentration 
distribution can significantly differ from straight lines 
which is obtained by constant diffusion coefficient. 

 

Figure 4: Concentration distribution in the polarization and 
membrane layers at different values of plasticizing 
coefficients with linear concentration dependency of the 
diffusion coefficient, (parameters in Table 1, kL/(kmH=4). 

 

Table 1: Parameters Used for Calculations of the 
Concentration Distributions (Values of 

Parameters can be Regarded as Typical Values 
During Pervaporation Process) 

parameter value 

Dm0 1 x 10-11 m2/s 

km 2.5 x 10-6 m/s 

D 3 x 10-9 m2/s 

kL 1 x 10-4 m/s 

H 10, – 

Pe 1 x 10-3 

p  0 

 

4.3. Mass Transfer Rate 

The overall mass transfer rate can strongly depend 
on the  value depending the polarization layer’s 
resistance. Let us look at how the mass transfer rate 
changes as a function of the plasticization coefficient, 
namely . If you want to calculate the mass transfer 
rate, first the value of c* or has to be predicted by 

iteration method. Accepting that the mass transfer rates 
are equal to each other in the both layers, thus, one 
can get from the equality of Eqs. (8) and (16) the 
following equation: 

e e p

1 e Pe =
kL
Hkm

ePePe

ePe 1( )
       (33) 

Assuming that Pe<0.01 and p 0, one can get as: 

kL
Hkm

=
e 1

1
         (34) 

Calculated the value of * by means of the above 
equations, the mass transfer rate can easily be 
predicted. Figure 5 illustrates that effect of the  value 
on the mass transfer rate, related to that obtained by 
Dm0 diffusion coefficient, JD=Dm0, at different values of 
kL/(Hkm). The mass transfer rate increases rapidly and 
unlimitedly without external mass transfer resistance 
(kL ). If the external mass transfer resistance is not 
negligible, the value of J/JD=Dm0 tends to limiting value, 
namely to 1+ kL/(Hkm). The effect of the polarization 
layer is very strong even at kL/(Hkm)=10. It is obvious 
from this figure that the role of the polarization layer’s 
resistance will be increased with the increase of the 
plasticization coefficient.  

 

Figure 5: The relative value of the mass transfer rate as a 
function of the plasticization coefficient, . ( = Hcb; Pe<0.01 
and p 0). 

4.4. Case Study 

An example will be shown, how the plasticization 
coefficient, , can affect the concentration distribution 
in the boundary layer, as well, thus, altering the 
separation during the pervaporation. For illustration, the 
work of Schaetzel et al. [24] is applied who measured 
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the pervaporation of water/ethanol binary mixture 
through PVA/PAA-co-maleic acid membrane. The 
sorption equilibrium curve can be regarded as linear as 
a function of mass fraction of water between 0 and 0.7 
(see Figure 1 in [24]), thus the model developed can be 
used for this system with this restriction. The measured 
points can be approach by a linear line with a few 
percent errors. Authors proved that the permeation rate 
exponentially increase as a function of the membrane 
concentration (points in Figure 6). According to 
Schaetzel et al. [24], the water permeation rate can be 
approached by equation of Jw=0.002048{exp(11.2 )-1} 
[23] with =11.2 cm3/cm3, where is the adsorbed 
amount of mixture in volume fraction, Jw is the water 
permeation rate in mol/(m2s). Accordingly, the 
concentration dependency of the diffusion coefficient 
can be expressed as: D=Dm0exp(11.2 )=Dm0exp( ) 
with = Hcb. This expression means a very strong 
concentration dependency of the mass transfer rate, as 
it is clearly seen in Figure 6 (continuous line). Taking 
into account Eq. (7), the membrane mass transfer 
coefficient is obtained to be 0.42 x10-6 m/s 
(km=0.002048 mol/(m2s)*11.2 *10-6 m3/g*18 g/mol). 
Accordingly, the membrane thickness is 2.8 μm which 
is practically agreed with prediction of Schaetzel et al. 
[23] ( m=Dm0/km=1.19 x 10-12/0.42 x 10-6). The H 
equilibrium coefficient is about 0.81 according the 
results of Schaetzel et al. (Figure 1 in [23]). The 
measured and the predicted mass transfer rate’s data, 
without external mass transfer resistance, as it is given 
by Schaetzel et al. [24], are plotted in Figure 6 
(continuous line). The effect of the polarization layer on 
the mass transfer rate is illustrated by the dotted lines 
in Figure 6, calculated at two different values of the 
external mass transfer coefficient. (The liquid 
concentration was multiplied by H [H=0.81] in order to 
get the same value of concentration at the internal 
membrane interface.) Accepting that the kL liquid mass 
transfer coefficient is falling between 1x10-4 m/s and 
1x10-5 m/s, in the most practical cases, the effect of the 
boundary layer is significant especially at larger feed 
concentration. The difference between the measured 
and the calculated data, represented by the dotted 
lines, can be higher than 40% related to the measured 
values, in the feed concentration range of cb>0.6 g/cm3. 
The concentration distribution obtained by Eqs. (11) to 
(14), is plotted in Figure 7 for feed water concentration 
of 0.7 g/cm3. This relatively high feed concentration 
generate high diffusion coefficient and thus, high 
permeation rate (Jw=1.1 mol/(m2s, i.e. =2 x 10-5 m/s, 
consequently the Peclet number is very high depending 
on the kL values; it is here much higher than that given 

in the literature [1,37]) that causes strong curvature of 
the concentration in the membrane, similarly to that 
obtained by Mulder [20] and Mulder and Smolders [21] 
for single membrane layer. The mass transfer 
coefficient of the feed boundary layer was changed 
between 1 x 10-5 m/s to 1 x 10-1 m/s in Figure 7. 
Though the kL/Hkm value is relatively high due to the 
low values of H and km (in the regime investigated its 
value is essentially larger than unit) against that the 
effect of the boundary layer can be significant, due to 
the high plasticizing coefficient. As can be seen the 
interface membrane concentration is 0.49 g/cm3 at 
kL=1 x 10-4 m/s, i.e. this value is lower than 15 % of the 
inlet liquid concentration while this difference is 33 % at 
kL=1 x 10-5 m/s. The mass transfer coefficient of the 
boundary layer can change between about 2 x 10-5 and 
1 x 10-4 m/s in practical cases, depending on the 
hydrodynamic conditions, accordingly the mass 
transfer resistance of the boundary layer can strongly 
affect the pervaporation process in the case when the 
plasticization coefficient has got high values. This effect 
can be more and more significant with preparing 
thinner membranes with better transport properties. 
Thus, the simultaneous effect of the concentration 
polarization and membrane layers can be strongly 
recommended to be taken into account for prediction of 
the membrane transport and separation for the case of 
mass transport through strongly swollen membranes. 

 

Figure 6: The measured (points) [23] and predicted data 
(lines) at different values of the mass transfer coefficient of 
the polarization layer, during pervaporation of water/ethanol 
mixture through PVA/PAA-co-maleic acid membrane 
(Dm0=1.19 x 10-12 m2/s, =11.2, H=0.81, km=0.42 x10-6 m/s). 

5. CONCLUSION 

The diffusion coefficient, and thus, the mass 
transfer rate, in the membrane can strongly be affected 
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by the plasticization coefficient in the case of polymeric 
membranes. Increasing value of the plasticization 
coefficient can increase the average mass transfer 
coefficient of the membrane, and thus, the mass 
transfer rate through it. Consequently, the role of the 
external mass transfer resistance, on the separation 
efficiency, can be stronger and stronger with the 
decrease of the ratio of the external and the average 
membrane mass transfer coefficients. Due to the 
lowering polarization modulus, the enrichment and the 
overall mass transfer rate could essentially be 
decreased. The polarization modulus depend mainly on 
two dimensionless quantities, namely on the ~  
dimensionless plasticization coefficient and the 
kL/(kmH) value. This study shows how strongly can 
affect the increase of the plasticization coefficient the 
value of the polarization modulus, the enrichment factor 
and the permeation rate, in cases of linearly or 
exponentially dependent values of the diffusion 
coefficient, in the membrane layer during pervaporation 
process, taking into account the simultaneous effect of 
the membrane diffusive mass flow and the diffusive 
plus convective flow of the polarization layer. The mass 
transport models developed, defining the mass transfer 
rates, the polarization modulus and the enrichment 
factor in implicit mathematical expressions, can be 
applied for predicting the separation efficiency at any 
values of the boundary layer’s and membrane’s mass 
transport parameters. According to the results 
presented, the effect of the polarization layer can 
strongly be recommended to be taken into account, 
when the diffusion coefficient is strongly concentration 
dependent.  
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NOMENCLATURE 

b = Parameter of the Langmui isotherm (Eq. A3), 
m3/kg 

c = concentration, kmol/m3 

cb = bulk feed concentration, kmol/m3 

cp = the condensed permeate concentration, 
kmol/m3 

c* = feed phase concentration on the membrane 
interface, kmol/m3 

D = diffusion coefficient of feed phase. m2/s 

Dm0 = diffusion coefficient of species in the 
membrane when 0  [Eq. (4)], m2/s 

Dm  = average diffusion coefficient of species in the 
membrane defined by Eq. (9), m2/s 

E = enrichment factor (=cp/cb) 

f̂  = fugacity coefficient,- 

H = solubility coefficient, ( *
= Hc* ),- 

I = polarization modulus (c*/cb),- 

J = convective +diffusive mass transfer rate, 
kmol/m2s 

kL = diffusive mass transfer coefficient of the 
boundary layer, [=D/ ; after Eq. (15)], m/s 

km = mass transfer coefficient in the membrane 
[=Dm0/ m, Eq. (7)] 

km  = average value of km defined by Eq. (8), m/s  

M = molar weight, kg/kmol 

M  = average molar weight, kg/kmol 

N = constant defined after Eq. (21), 
( = kLPe / kmH ),- 

p = pressure, Pa 

Po = total pressure of permeate phase, Pa 

 

Figure 7: Concentration distribution of water in the boundary 
and membrane layers at different values of liquid mass 
transfer coefficients during pervaporation of water/ethanoil 
mixture through PVA/PAA-co-maleic acid membrane with 
parameter values of Schaetzel et al. [23]. (Dm0=1.19 x 10-12 
m2/s, =11.2, H=0.81, cb=0.7 g/cm3). 
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Pe = Peclet number (= /D),- 

R = gas constant, Pa m3/kmol K 

T = temperature, oK 

X = mol fraction, - 

y = space co-ordinate perpendicular to the 
membrane interface, m 

Y = dimensionless space coordinate, (=y/ ),- 

Greek Letters 

 = plasticization coefficient of component i, m3/kg 

 = convective plus diffusive mass transfer 
coefficient for the boundary layer defined in 
Eq. (16), m/s 

 = boundary layer thickness of the feed phase, m 

m = thickness of the membrane layer, m 

 = solute concentration in the membrane matrix, 
kg/m3 

sat = saturated concentration, kg/m3 

 = activity coefficient 

 = density, kg/m3 

 = convective velocity, m/s 

 = plasticization coefficient of component j, m3/kg 

 = iMiPi
sat / i pRT or MpPp

/ pRT( ) = Hcb  

Subscript 

b = inlet 

i = ith component to be separated 

j = jth component to be separated 

m = membrane layer  

p = permeate 

w = water 

Superscript 

* = at liquid-membrane interface 

G = vapor phase 

sat = saturated 

APPENDIX 

A1. Linear concentration dependency, Dm=Dm0 
(1+ ) 

Mass transport through both the polarization and 
membrane layers 

The concentration distribution for the membrane 
and the concentration boundary layer can be defined 
by Eq. (25) and Eq. (10), respectively. The A, J, Z and 
Q parameters can be determined by means of the 
following boundary conditions: 

Z +Q = cb  y=0       (A7) 

Q = J   y=        (A8) 

H ZePe +Q( ) =
1
+
1

2

4
2 +

8 A J

Dm0

 y=     (A9) 

p =
1
+
1

2

4
2 +

8 A J + m( )
Dm0

 y= + m  (A10) 

Solving the above algebraic equation system, the 
mass transfer rate can be obtained by a second order 
algebraic equation as follows: 

Q2
+Q + = 0       (A11) 

with 

= H 1 ePe( ){ }
2

 

= 2H Hcb +
1

1 ePe( )
2 kLPe

km
 

= Hcbe
Pe
+
1

2

p +
1

2

 

From Eq. (A11) the value of J can be obtained by 
the well known solution of a second order algebraic 
equation, namely according to Eq. (12) J= Q, thus it 
can be obtained as: 

J = kLPe
±

2 4

2
    (A12) 

Knowing the J value, the value of Z can be obtained 
by Eq. (A7) and the value of A by e.g. Eq. (A9). The 
mass transfer rate can also be obtained by the 
resistances-in–series model as well (not shown here). 
The permeate concentration, cp can here also be given 
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by replacing J with cp (J= cp) into Eq. (A11), thus, its 
value can be given as: 

cp =
J
=

±
2 4

2
    (A13) 

From Eq. (A13), the enrichment factor can easily be 
obtained. 

The polarization modulus can be obtained as: 

H2km cb
2

I2 +
kLPe

ePe 1
kmH I =

kLPee
Pe

ePe 1
+

p

co
p

2
1  (A14) 

For the case of Pe < 0.01, from Eq. (A14) the 
polarization modulus can be obtained as: 

H2km cb
2

I2 + kL kmH( )I = kL +
p

co
p

2
1   (A15) 

and with p 0 : 

I =
1 ± 1( )

2
+ 2

    (A16) 

with 

bHc= ; =
kL
kmH
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