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Abstract: Model for concentration profile at the mechanism of shear- induced back migration has been proposed. The 
model is based on the following assumptions: (1) Flow is assumed to be isothermal, incompressible, fully developed and 
steady– state. The model implies the position dependence of transverse velocity and shear rate; (2) Dispersed phase 

consists of rigid bodies characterized by identity variables and particle- size distribution; (3) Back migration being non- 
diffusive in nature is characterized by certain kinetic behavior. The migration of particle is determined by shear- induced 
force (moving force) and drag forces (resistance force); (4) The migration of particles was assumed to occur within the 

zone referred to as shear-diffusion migration zone. Migration zone ranges from membrane to its threshold value at the 
upper boundary where the state of pseudo-equilibrium takes place; Vector sum of the forces acting the particle (shear 
and drag forces) ranges from its maximum value at the surface of membrane to zero at the upper boundary of migration 

zone where the state of pseudo-equilibrium takes place; (5) The driving force being degree of deviation from the state of 
equilibrium was expressed as the difference between local shear rate and its threshold value at the upper boundary of 
migration zone; Transport mechanisms such as Brownian diffusion, inertial lift, interaction based on Van der Waals or 

electrostatic forces, combined effects of particle-particle and particle–membrane interactions are outside the scope of the 
model. The proposed model has the following possible implications: (A) It can be used for quantitative estimation of the 
probability of fouling caused by different fractions at existing hydrodynamic conditions; (B) The model allows analyzing 

the impact of hydrodynamic conditions (such as shear stress and transverse velocity) on the probability of fouling caused 
by certain dispersed fraction; (C) It allows estimation of the threshold value of the shear rate specific for the certain 
fraction that should be exceed in order to prevent accumulation of this fraction; (D) Proposed model permits analyzing 

the influence of shear rate at the surface of membrane on the transverse concentration distribution; (E) The model can 
be used for quantitative analysis of CP distribution of individual fraction while considering poly-disperse systems as soon 
as any fraction is characterized by its individual migrating behavior.  
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1. INTRODUCTION, FORMULATION OF THE 
PROBLEM AND OBJECTIVES OF THE STUDY 

Pressure- driven processes are inevitably 

accompanied by the phenomena such as concentration 

polarization and membrane fouling. As soon as the 

feed solution contains multiple fouling factors such as 

suspended matter, solvable organics, colloids, etc., 

characterized by different physical behavior and 

various transport mechanism, it’s getting essential to 

quantify the contribution of individual transport 

mechanism. There are following mechanisms of back 

migration: Brownian diffusion, shear-induced migration 

or inertial lift. Brownian diffusion is a classical transport 

mechanism where the diffusion coefficient can be 

estimated from the Stokes–Einstein relationship. 

However, the permeate flux predicted by the classical 

Brownian concept is one or more orders of magnitude 

below experimental data. For these phenomena to be 

explained Zydney and Colton [1,2] proposed new CP 

model that assumes migration of particles in the 

directions of the lower shear rate, where the diffusion  
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coefficient was expressed as 
 
D = 0.03 r2 wall  where r – 

radius of particle; 
 wall - wall shear rate. This gave 

improved agreement with the experiments. This 
transport phenomenon was referred to as “shear-
induced diffusion” that can be considered as dominant 
transport mechanism at cross –flow filtration at 
elevated tangential velocity for particles in the range 
0.5 -30 μm, [3]. That model was further developed by 
Romero, Davis and Sherwood [4- 7] for a dilute 
solution. This mechanism has been intensively 
scrutinized by different authors, [8-13]. Back transport 
for particles greater than 10 μm in radius is controlled 
by so called inertial lift mechanism. It was considered 
by Belfort and co-authors [14,15]. Inertial lift involves a 
lateral migration of particles away from the membrane, 
it arises from hydrodynamic interactions associated 
with the distortion of the fluid streamlines in the gap 
between the particle and the flow boundary, [14]. The 
inertial lift velocity is proportional to the cube of the 
particle radius and the square of the local shear rate. It 
dominates over the shear-induced diffusion for particles 
greater than 10 μm in radius. The conditions where the 
certain mechanism prevails were considered by Robert 
van Reis and Andrew Zydney in [16]. According to the 
study done by T. Jiang et al. [17] submicron particles 
were likely to deposit in side-stream MBRs, and the 
lowest back transport velocity was found for particle 
radii around 0.1μm and cross flow below 0.5 m/s. A 
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particle size distribution profile of MBR sludge showed 
the main peak at 40μm and second peak at 0.1–1μm. 
In cases when the permeation velocity exceeds the 
back-transport velocity the particles have a higher 
likelihood to deposit. The critical particle size, on which 
the permeation and back-transport velocity are 
balanced, at U= 1 m/s is 1.5μm. Increasing the cross-
flow velocity up to 4 m/s is able to reduce the critical 
particle size down to 0.3 μm. On the other hand, for 
particles larger than 10 μm, even very low cross-flow 
velocities (0.3 m/s) can keep them in suspension, [17]. 
According to [18] the mean diameter of deposited 
particles decayed to 5.5 μm at a fluid velocity of 
0.23m/s and a flux of 15 l /h- m2, and to 5.0 μm at a 
speed of 3m/s and a flux of 60 l/ h- m2. Analyses done 
by [19] revealed the particle- size distribution of the 
deposited particles at different cross flow velocities. It 
was demonstrated that the particles in the cake layer 
are smaller at higher cross flow velocity [19] The 
estimated velocity of the particle as it moved across the 
surface was 0.3 mm/s; cross flow velocity was 
approximately 0.05 m/s. Comparison of the size of 
deposited particles at different cross flow velocity was 
submitted in [19]. Recent studies reported that particle–
particle and particle–membrane interactions (including 
entropy, van der Waals interactions and electrostatic 
interactions) may also play an essential role in 
transport especially in concentrated solutions of the 
colloids [20,21]. The study by Mungman and Zydney 
[20] focused on analysis of crow-flow filtration using 
numerical integration of the Langevin equation 
accounting for combined effects of electrostatic 
repulsion, enhanced hydrodynamic drag, Brownian 
diffusion, inertial lift and van der Waals attraction. 
According to [20] the critical flux increases with 
increases of shear rate, although this effect doesn’t 

become significant until m = 12,000 s-1 for a= 1nm, 

and 
 m = 1000 s-1 for a= 5 nm. The critical flux 

increases with increasing the particle radius due to the 
greater electrostatic repulsion between membrane and 
the larger particles. According to [21] 10% of 
publications related to fouling are focuses on the critical 
flux concept. Since recently one can see the growth of 
publications focused on quantitative relation between 
shear- induced diffusion, critical flux and particle- size 
distribution in liquid phase and within deposited layer. 
Further development of the existing models allowed 
establishing quantitative links between the variables of 
shear induced transport such as the size or particle, 
shear rate, transverse velocity and the variables 
specifying the critical flux and probability of the fouling 
rate for certain dispersed fractions, [17-25]. It was 
experimentally demonstrated and confirmed by 
numerical studies that the stochastic motion of the 
particles is not diffusive all the times and the particles 
tend to accumulate in regions of low shear rate. 
Summarizing the data [16-26] the following can be 
concluded: (1) the critical flux increases with increasing 

the particle radius; (2) submicron particles demonstrate 
higher likelihood to deposit and the distribution 
spectrum of cake particles was shifted towards smaller 
diameter; (3) analyses of the size distribution of the 
deposited particles at different cross flow velocities 
conducted by [19] revealed that the particle size in the 
cake layer are smaller at higher cross flow velocity; (4) 
conventional mathematical formulations of the degree 
of concentration polarization based on mass 
concentration cannot be applied for the case of poly-
dispersed suspension since any fraction is 
characterized by individual distribution curve depending 
upon applied shear rate. In this regard this study 
represents an attempt to propose relation between the 
concentration distributions within liquid phase and 
shear rate depending upon the size of particle in the 
case if the shear-induced migration takes place.  

2. PHYSICAL ASPECTS AND ASSUMPTION 
UNDERLYING THE MODEL 

The system consists of non- interacting hard 

spheres being dispersed in liquid phase. Some 

transport mechanisms such as Brownian diffusion and 

inertial lift along with certain mechanisms of interaction 

based on Van der Waals or electrostatic forces and 

combined effects of particle-particle and particle – 

membrane interactions are outside the scope of the 

model. The model is based on the concepts of critical 

velocity and shear-induced back migration. The range 

of particle size, the model can be applied, covers 1- 5 

microns. 

2.1. Main Assumptions  

The fluid is assumed to be continuous, non-

compressible and isothermal at steady state  

Longitudinal velocity is approximated by parabolic 

function as  

u( ) =UMAX 1
2( )           (2) 

It ranges form u( ) =U MAX  at the centerline to 

u( ) = 0  at the membrane. There is no slip at 

membrane surface.  

Transverse velocity, V ( ) , was based on the 

Berman’s approximation, [27]. 

V ( ) =VMAX 2
3 2( )           (3)  

It ranges form V ( ) = 0  at the centerline to its 

maximum value V ( ) =VMAX =0( )  at the surface of 

membrane  
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Shear-rate profile, 
 
( ) = du( ) d , in terms of the 

 variable gives 

( ) = MAX =1( )            (4) 

It ranges form 
 
( ) = 0  at the centerline to its 

maximum value MAX =1( ) = 2UMAX H  at the surface of 

membrane  

Shear stress profile, ( ) = μ du d( )  in terms of 

the  variable can be expresses as 

( ) = μ
2UMAX

H
          (5) 

Behavior of hydrodynamic characteristics such as 

u( ) , V ( )  and ( )  is shown in Figure 1.  

2.2. Forces Acting the Particles 

The back migration of dispersed phase being non- 
diffusive in nature can be characterized by certain 
kinetic behavior. The main forces exerted on the 
particle are the shear-induced force and drag 

(resistance) forces. The resultant force F
 

the 

migration influenced is the vector sum  

F = Fshear + Fdrag            (6) 

Where the shear generated force acting the 
dispersed particle is proportional to shear stress (and in 
turn to shear rate) that gives the resultant towards 
centerline.  

 
Fshear = dA            (7) 

Where 
 
Fshear net shear force in Z- direction; - shear 

stress vector pointing towards the transverse flow 
direction. Shear force can be expressed as  

Fshear = μ ( ) A           (8) 

where A = 4 R2 - surface of the particle with the radius- 

R; μ -dynamic viscosity; 
 

( ) - difference between 

the current value of the shear rate and the value at 
upper boundary of the migration zone, 

 
( ) = max crit( ) . The shear force ranges from its 

maximum value at membrane Fshear (max) = F =1( ) to 

Fshear = 0  at = crit  

Drag force based on the Stokes Law can be written 
as  

Fdrag = 6 μ R W ( ) +V ( )          (9) 

Where V ( ) - transverse liquid velocity;W ( ) - 

velocity of the back migration (relative to membrane 

 

Figure 1: Shear stress, longitudinal and transverse velocity distribution. 
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surface). The drag force varies from Fdrag =1( ) , at 

membrane to certain value at the upper boundary of 

the migration zone at = crit , where 

Fshear crit( ) = Fdrag crit( )  

2.3. Migration Zone 

As soon as the resultant force acting the particle 
(vector sum of the shear and drag forces) ranges from 
its maximum value at the membrane surface to zero at 
the distance where the state of pseudo-equilibrium 
occurs. The migration of suspended phase can be 
observed within this zone that can be referred to as the 
migration zone (or shear-diffusion zone). It ranges from 
membrane surface to its threshold value (or the upper 

boundary) at crit  where Fshear = Fdrag The velocity of back 

migration at the upper boundary of the zone has to be 

zero, W crit( ) = 0
.
 The distance of potential migration of 

any fraction ri  
is characterized by its individual 

threshold value or the upper boundary of migration 
zone- crit (ri ) . According to published data the bigger 

size of the particles the more prolonged the corridor of 
migration thus the more distant the upper boundary of 
the migration zone. At the upper boundary the state of 
pseudo-equilibrium is assumed to take place (at 

Fshear = Fdrag ). The upper boundary of the migration zone 

is characterized by equality between the local shear 
stress and its threshold value for particular fraction, 

 

crit = crit max
=1( )

  

2.4. Driving Force of Back Migration 

As soon as the model of physical behavior assumes 
that the migration of dispersed particle can take place 
under the conditions if the shear stress exceeds its 

threshold (or critical) value. Once the back migration 
was assumed to be driven by the shear stress 

difference, the driving force 
 

( )  (being a degree of 

deviation from the equilibrium state) can be expressed 
as the difference between local shear rate and its 
threshold value. The threshold value in turn represents 

the shear rate at the threshold (critical) distance crit  

where the state of pseudo-equilibrium takes place (see 
Figure 3). 

 
( ) = ( ) crit( )         (10) 

The second term on the right hand side of Eq. (10) 
represents the threshold value of the shear rate 

 
crit( )

 
at the critical distance, crit . The driving force 

ranges from its maximum value at membrane being 

equal to max ( ) = max =1( ) crit( )  to 
 

( ) = 0  at the 

critical distance 
 
crit = 1 crit max =0( ) .

 Similarly it can be 

expressed in terms of the shear stress as follows 

 
( ) = μ ( ) μ crit crit( )        (11) 

3. IMPACT OF THE PARTICLE SIZE AND SHEAR 
STRESS ON THE UPPER BOUNDARY OF 
MIGRATION ZONE  

The migration zone ranges from = 1 at the 

membrane surface to = crit  at the upper boundary 

where the state of pseudo-equilibrium was assumed to 

occur, Fshear = Fdrag . Migration behavior depends upon 

the shear force and drag (resistance) forces. The 
vector sum of these forces reaches zero at the upper 
boundary where the net velocity vector is assumed to 

be zero as well, w* ( ) = 0 . (The coordinate origin at the 

membrane surface). Similarly if the coordinate origin is 

 

Figure 2: Velocity of back migration and the main forces acting the particle. 
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at the particle it gives w( ) = v( ) . Inserting Berman’s 

distribution for transverse velocity into (9) we get Fdrag  

at = crit .  

Fdrag
_ crit( )

= 6 μ R VMAX
crit

2
3 crit

2( )        (12) 

Combining Eqs. (8) and (12) we get  

μ crit( ) 4 R2 = 6 μ R VMAX
crit

2
3 crit

2( )      (13) 

Having been rearranged Eq. (13) gives the size of 
dispersed fraction-R; vs. upper boundary of migration 

zone- crit ; shear rate and transverse velocity at 

membrane surface, max  and Vmax  respectively. 

 
R = 3 Vmax 3 crit

2( ) 4 max        (14)  

Boundary conditions:  

At membrane surface = 1  

R = 3Vmax 2 max = 1.5 Vmax max        (15) 

At centerline where = 0   

R = 9Vmax 4 max = 2.25 Vmax max        (16)  

Eq. (14) gives the coordinate of upper boundary of 
migration zone  

 
crit = 3 4 maxR 3Vmax         (17) 

Set of calculated values of the upper boundary vs. 

size of fraction based on Eq. (17) is shown in Figure 4. 

 

Figure 3: Shear- induced transport within the migration zone. 
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It’s shown that the bigger size of the fraction the further 

distance between membrane and equilibrium distance 

(or upper boundary of migration zone).  

Physically the fouling can be interpreted as a 
phenomenon where the vector sum of shear and drag 
forces is equal to zero at membrane surface, 

Fshear =1( ) = Fdrag =1( ) . In this case the upper boundary of 

migration zone belongs to membrane surface, crit = 1 . 

The ratio of shear to drag forces at the membrane can 
be used for estimation of the probability of fouling 

formation, f R( )  by arbitrary fraction with certain R- 

radius as f R( ) Fshear =1( ) Fdrag =1( ) . Using the equations 

for shear and drag forces (14 and 17 respectively) it 
gives.  

f R( ) R MAX =1( ) VMAX =1( )        (18) 

This ratio can be applied for estimation of the 
impact of hydrodynamic conditions [such as shear 
stress and transverse velocity] on the probability of 
fouling due to considered fraction. The shear rate 
should exceed its threshold value specific for the 
fraction in order to prevent accumulation of the 

considered R -fraction at the surface of membrane.  

 
MAX =1( ) f R( ) VMAX =1( ) R        (19) 

Experimental data [24] on critical flux, longitudinal 
velocity and size of particles were used for verification 
of the model. Diluted latex suspension (C=0.01 %) data 

for different particle size were selected: (A) Vcritical=45 
l/m2-h for the size 3.0 μm, and (B): Vcritical = 70 l/m2-h 
for the size 5.0 μm at cross flow 0.2 m/s. The 

dimensionless ratio- f R( )  see Eq. (18), was used for 

comparison between the model generated values and 
experimental results 

fA
model R( ) fB

model R( ) fA
exp R( ) fA

exp R( ) fB
exp R( ) fA

model R( ) =

           (20) 

Comparing the dimensionless ratio-  for 
experimental conditions (cases A and B) with the 
calculated data the dimensionless difference doesn’t 
exceed 7% . The range of particles along with the 
level of concentrations and type of the latex selected 
for comparison confirm the validity of physical 
assumptions such as non- interacting spheres ignoring 
van del Waals and electrostatic forces. 

4. CONCENTRATION DISTRIBUTION OF MONO-
FRACTION WITHIN THE MIGRATION ZONE  

Conventional mathematical formulation of the 

degree of concentration polarization (in terms of mass 

concentration) cannot be applied for analysis of the 

poly-dispersed systems as soon as any fraction is 

characterized by individual migration behavior and 

boundary of migration zone.  

Any poly-disperse system can be represented as a 

stack of fractions rj
 

with individual parameters and 

migrating behavior characterized by individual CP 

 

Figure 4: Impact of the particle size -R on the upper boundary of migration zone- crit  at arbitrary values of the shear rate at 

membrane surface, VMAX=1.0E-04 m/s (Model). 
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distribution, crj z( ) . Mass concentration c rj( )  of any 

mono-fraction- j
r  is directly proportional to the number 

of particles n rj( ) . Overall probability of distribution of 

individual fractions within the migration zone is 
assumed to be 100%.  

krjcrj z( ) dz
=1

_ crit rj( )

= 1         (21) 

Further consideration will be applied for individual 

dispersed fraction- rj  characterized by individual CP 

profile, crj z( ) . Concentration increment dc  over the 

elementary distance dz  can be expressed as. 

dc z( ) = K z( ) dz         (22) 

where ( )  is the driving force, it can be expressed 

as the difference between the local shear rate and its 

threshold value 
 

Zcrit( )  as  

 
z( ) = z( ) Zcrit( )         (23) 

Therefore eq. (22) gives  

dc z( ) = K z( ) zcrit( ) dz        (24) 

Assuming linear distribution of the shear rate 

 
( ) = max  and using dimensionless variables 

d = dz H , Eq. (24) gives  

 
dc( ) = K ( ) crit( ) d        (25) 

Further rearrangements enable to write  

 
dc = KH max crit( ) d        (26) 

Having been integrated Eq(26) gives  

 

c( ) = K max
2 2 crit rj( ) + const       (27) 

The constant of integration, const , and 
proportionality factor, K, were evaluated at the following 
boundary conditions:  

at the membrane surface  C
=1 = Cmem  

at the upper boundary of the migration zone 

C
= crit

= Cmax  

K =
2 Cmax Cmembr( )

max crit 1( )
2         (28) 

const = Cmem +
Cmax Cmembr( )

crit 1( )
2 1 2 crit( )       (29) 

Inserting the constants (eqs.28 and 29) into Eq. (27) 
gives the concentration distribution  

c( ) = Cmembr +
Cmax Cmembr( )

crit 1( )
2

2 1 2 crit 1( )      (30)  

Eq.(30) can be expressed as dimensionless 

function, c ( )   

c ( ) =
c( ) Cmin = 1( )

Cmax crit( ) Cmin = 1( )
=
2 crit 1( )

crit 1( )
2 1( )   (31) 

c ( )  ranges from c ( ) = 0  at the membrane to 

c ( ) = 1  at the upper boundary of migration zone. 

Solving eq. (31) for c( )  we get the formulation in 

physical dimension. 

c( ) = Cmin = 1( ) + c ( ) Cmax crit( ) Cmin = 1( )      (32) 

Eq. (32) matches the boundary conditions. It gives 

c = 1( ) = Cmin  at membrane and c crit( ) = Cmax  at the 

upper boundary of migration zone. 

Set of calculated dimensionless profiles at different 

values of the upper boundary are shown in Figure 5. 

(The calculations are based on eq. 32).  

5. PRACTICAL IMPLICATION OF THE MODEL  

This model has a numerous potential applications. 

The model can be segmented into software for the 

design, analysis and operation of cross- flow 

microfiltration. In particular it can be adopted for 

analysis of pilot data on MF of poly-dispersed system 

with individual migration behavior of particular fraction. 

The model can provide a quantitative relation between 

hydrodynamic conditions, fouling resistance and 

expected particle-size distribution at membrane 

surface. 

The model can be applied for quantitative 

estimation of characteristics and analysis of the 

process behavior. The model- based results confirm 

the published experimental data. The model 

demonstrated that the smaller particle size the higher 
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tendency for them to be accumulated closer to 

membrane surface. The model calculations 

demonstrated that the growth of shear rate decreases 

surface CP and increases rate of migration towards 

centerline. Since the model represents a quantitative 

relation between different variables such as shear 

stress, transverse velocity and particle- size distribution 

it can be imbedded into the algorithms of different 

configuration. 

(A) The model can estimate an impact of the radius 
of individual fraction on the fouling probability at 
existing shear stress and transverse velocity. 
Since the surface fouling can be interpreted as 
the case when the coordinate of the upper 
boundary of migration zone is located at the 

membrane surface, crit = 1  that takes place at 

Fshear =1( ) = Fdrag =1( ) , it implies that non-dimensional 

ratio- f R( ) Fshear =1( ) Fdrag =1( )  can be interpreted 

as a measure of fouling probability for individual 
fraction. Using Eqs. (14) and (17) it gives 

 

f R( ) R MAX =1( ) VMAX =1( ) ;  

(B) The model can estimate an impact of 
hydrodynamic conditions (such as shear stress 
and transverse velocity) on the probability of 
fouling caused by the fraction with individual 
radius. In order to prevent the accumulation of 

certain R -fraction at the surface the shear rate 
should exceed the threshold value specific for 

this fraction 
 

MAX =1( ) f R( ) VMAX =1( ) R ;  

(C) The model can be applied for the analysis of the 

concentration distribution (and CP degree) of 

individual fraction with current radius in poly-

disperse systems. Since any individual fraction is 

characterized by its individual migrating behavior 

and individual distribution curve depending upon 

the profile of shear rate. Any poly-disperse 

system can be represented as a combination of 

multiple fractions with individual parameters and 

specific migrating behavior. Concentration 

distribution (and the degree of concentration 

polarization) cannot be expressed based on 

traditional techniques in terms of mass 

concentration in this case. Data generated by the 

model can be recommended for the synthesis of 

optimized structure of regeneration cycle as well.  
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ABBREVIATIONS 

C  = concentration, m-3 

F  = force acting the particle, N/m2 

f  = dimensionless f R( ) Fshear =1( ) Fdrag =1( )  

rj ,R  = radius of individual fractions, m 

 

Figure 5: Dimensionless concentration profiles at different values of the upper boundary (Model). 
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H  = distance from membrane to centerline, m 

V  = transverse velocity, m/s 

U,u  = longitudinal velocity, m/s 

W ,w  = velocity of back migration (relative to 

membrane surface); m/s.  

Z = distance from membrane surface, m  

 
 = shear rate

 
( ) = du( ) d , s-1  

 = shear stress ( ) = μ du d( ) , N/m2 

 = dimensionless distance variable = 1 z H  

μ  = dynamic viscosity, Pa s; 

Subscripts 

min = minimum  

max = maximum  

membr = membrane  

crit = critical (critical distance, 

crit = 3 4 maxR 3Vmax  ) 
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